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Stability of Acoustic Wave in Two-Phase Dilute Flow
with Mass Transfer

Eric Daniel¤ and Nicolas Thévand†

Centre National de la Recherche Scienti�que, 13453 Marseille Cedex 13, France

The behavior of an acoustic wave propagating in a two-phase dilute � ow is analytically and numerically inves-
tigated. The focus is on the effects of a mass transfer modeled by the so-called rapid-mixing model. An analytical
solution is carried out that shows a possible unstable � ow regime, which means that the magnitude of a pressure
wave may be ampli� ed under particular conditions. The neutral stability condition is mainly driven by a mass
transfer number, which links the heat of phase change and the equilibrium temperature. Even the mass transfer is
a simpli� ed one and far from the actual combustion of metal particles, when the analysis is applied to aluminum
particles in solid rocket motor environment, unstable � ow behavior is seen at low frequencies. One-dimensional
simulations of the propagation of an acoustic wave are performed, and the results recovered the theoretical ones.
A simulation in a two-dimensional motor leads to an oscillatory � ow, which is sustained, and the amplitude of the
pressure oscillation reaches an asymptotic value. This result, obtained by solving the nonlinear coupled two-phase
� ow equations shows that the mass transfer might be a driven mechanism for instabilities in solid rocket motor
two-phase � ows.

Nomenclature
a = sound speed,

p
.° RT), m/s

Cm = loading mass ratio
Dp = particle diameter, m
INNd = identity tensor
L = heat of change phase, J/(kg ¢ m3 )
Nu = Nusselt number
R = gas constant, J/(kg ¢ K)
St = acoustic Stokes number, !¿d

° = gas ratio of speci� c heats
¸ = thermal conductivity,W/(m ¢ K)
¹ = dynamic viscosity, kg/(m ¢ s)
½¤ = material density of a particle, kg/m3

¿t ; ¿d = thermal and dynamic relaxation time, s
! = wave pulsation, 1/s
Pv = rate of mass transfer, kg/(m3 ¢ s)

Subscripts

g = gas phase
p = particulatephase

Introduction

T HE propagation of an acoustic wave in a two-phase mixture
with mass transfer is analyticallyand numerically investigated.

This topic is important as evident in recent papers found in the
literature.1¡3 Beyond the fundamental aspects, this subject is of
prime interest in the � eld of combustion instability occurring in
solid rocket motor (SRM) � ows. The � ow in such motors is due to
the combustion of a solid propellant in which some metallized par-
ticles are embedded (generally aluminum particles) to increase the
speci� c impulse. Some motors demonstrate an unstable behavior,
which leads to oscillatory � ows. The total effect of the particles is
ambiguous.Three stages in the lifetime of the particles can be iden-
ti� ed. These are the ignitionand the agglomerationat the propellant
surface, the distributed combustion (within the core � ow), and the
formation of oxide particles4 (alumina in the case of initial alu-
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minum particles). Alumina particles are inert, and it is well-known
that such particles tend to damp traveling acoustic waves.5¡7 It has
also been shown that the � rst stage is a damping mechanismbecause
the particles at the surface propellant diminish the unsteady burn-
ing response function of the propellant at high-frequencypressure
oscillations2 (¼2000 Hz). Consequently,the combustion of the par-
ticles, or more generally a possible mass transfer between the gas
and the dispersed phase, can be considered as a phenomenon that
should be studied to help in the explanation of the instabilities ob-
served at low frequencies. Nevertheless, aluminum combustion in
an SRM is a very complicatedprocess and still not well understood:
It appears unlikely that with the establishedmodels that it would be
possible to carry out a complete analytical study on the in� uence of
the combustion on these instabilities.As a � rst approach,numerical
simulations are made to predict the two-phase reactive � ow,8 but
this is not suf� cient to provide general physical explanations.

Several studies examined the in� uence of the gas–particles mass
transfer on the wave propagation. Marble,9 Davidson,10 and Cole
and Dobbins11 supposeda mass transfer driven by Maxwell’s diffu-
sion equation. The main result is the existence of a second peak in
the curve depictingthe attenuationcoef� cient vs the acousticStokes
number !¿d . The drag force and the heat transfer lead to maximum
attenuation near !¿d ¼ 1, and the second peak, associated to the
mass transfer, appears around !¿d ¼ · for very low-density ratio · .
However, no driven mechanism for a � ow oscillation can be found
in those studies. Dupays2 used the so-called d2 law for the mass
transfer model. The numerical studies showed some unstable solu-
tions that would indicate that the mass transfer might be considered
as a driven mechanism.

The analysis developed here is based on a popular mass transfer
model, the rapid-mixing model.12 The difference of temperature
between the gas and the particle is proportionalto the mass transfer.
Some previous studies3 used this type of model, but the solutions
were obtained mainly by computations, and the important role of
the parameter N" D RT0=L , presented by Marble9 as the latent heat
parameter, was shown only through parametrical studies.

The different mass transfer models, Maxwell’s diffusion as well
as the rapid mixing model, cannot assure the reality of the combus-
tion involved in two-phase � ows in SRM. For metallized particles,
most of the models assume a diffusion control process,13 but the
differenceof temperaturebetween the particles and the surrounding
gas is a very important parameter. The combination of both mod-
els, diffusion and temperature dependent, can be considered as an
approximation of the metal combustion. It then appears essential to
study the effects of the models separately. However the aforemen-
tioned mass transfer models are just the basic mechanism of the
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aluminum particles combustion, which has very speci� c features:
high energyreleased,� ame aroundtheparticlewith some very small
alumina particles (smoke), transformationof the metal particle into
an oxide particle, and possible chemical surface reactions.14;15

Here we propose a complete analytical solution of this problem,
andwe con� rm theessentialpart of theparameter N", which we de� ne
as the mass transfernumber.The dilute compressible� ow equations
are linearized, and solutions are found by the means of a classical
modaldecomposition.We will showthat a neutralstabilitycondition
exists,and so some unstable� ow regimescan be observed,whatever
theStokesnumber.Certain solutionscorrespondto nonphysical� ow
properties, but not all: The coupled aluminum particles–gaseous
combustion products may lead to an unstable � ow system. Also the
solution presented here is important as a fundamental aspect if one
considers the stability of this system of equations.

The simulation in a small motor is also presented, and the effect
of the mass transfer will be evident, even for a two-dimensional
calculation.This simulationis basedon the solutionof thegoverning
equations in a nonlinearconservativeform. The numerical solution,
for expectedcases extracted from the analytical solution, shows the
linear developmentof the instability leading to a limiting cycle.The
pressure amplitude reaches a maximum, and the � ow oscillation is
sustained by the mass transfer, the only possible driven mechanism
in this case.

Governing Equations
Conservative Form

The � ow is governedby the unsteadydilute two-phase compress-
ible � ow equations.The assumptionofdilutetwo-phase� ow implies
that the gas and the dispersed phase are only coupled by the source
terms. The volume fractioneffectsare negligible:No pressure terms
arise in the dispersed-phaseequations. It also means that the infor-
mation in this phase travels via the trajectories.16;17 The two-phase
dilute � ow is described by a set of partial differential equations ob-
tained by the application of the general conservation laws (mass,
momentum, and energy) in an arbitrary control volume. The sys-
tem will be linearized around an equilibrium state and numerically
solved in its conservative form to compare analytical and numeri-
cal results. The equations are � rst given in conservative form with
standard notation.

Gas phase:

@½

@t
C r ¢ ½u D Pv (1)

@½u
@ t

C r ¢ ½uu C P NNI d D Pv up ¡ F (2)

@½e

@t
C r ¢ ½u.e C P/ D Pv h p ¡ F ¢ up ¡ Qg ¡ p (3)

Dispersed phase:

@½p

@t
C r ¢ ½pup D ¡ Pv (4)

@½pup

@t
C r ¢ ½pupup D ¡ Pv ¢ up C F (5)

@½pep

@t
C r ¢ ½pupep D ¡ Pv h p C Qg ¡ p (6)

with e D CvgT C 1
2 u ¢ u and ep D Cpp Tp .

This system of partial differentialequations (PDE) needs closure
relations that are P D ½ RT (ideal gas law) and ½p D N p.¼=6/D3

p½¤.
This last relation is only required when a mass transfer between the
gas and the particles occurs, to update the diameter. To do that, the
computationof the conservationequationof the number of particles
per unit volume Np is required:

@N p

@t
C r ¢ up Np D 0 (7)

This equationexpressesthat there is neitherbreakupnorcoalescence
of the particles.

The sourcetermsof theseequationsrepresentthe transferbetween
both phases (heat transfer, drag force, and mass transfer). The main
purpose is to study the in� uence of the mass transfer on the prop-
agation of an acoustic wave. Thus, we assume that only a simple
mass transfer is necessary.The popular rapid-mixing limit model is
chosen here, that is, the liquid thermal conductivity is supposed to
be in� nite.12 The temperature � eld in the particle is uniform, but a
time variationis possible.Here, this assumptionis relaxedby setting
the droplet temperature to be the saturation temperature.18 Conse-
quently, all of the heat exchangedbetween the gas and the particles
is used for the mass transfer.19 This is expressed by the relation

Qg ¡ p D Pv L (8)

The heat transfer is a limiting case of convection around a
spherical particle for a particulate Reynolds number Re D .½ju ¡
upjDp/=¹g ! 0 so that Nu D 2.

For convenience, the thermal relaxation time ¿t D ½¤Cpp D2
p=

12¸g is introduced, and the expression of the heat transfer is then
given by

Qg ¡ p D ½ pCpp [.T ¡ Tp/=¿t ] (9)

Equation (8) requires that a particle can shrink or grow according
the sign of the heat transfer: In the case of a positive temperature
difference, a vaporization is observed; a condensation occurs for a
negative difference. Consequently, the average diameter value will
remain constant,which is necessary for further linearizationaround
an equilibrium state.

Stokes’s law can be used for the drag forcebecause the particulate
Reynolds number is very small in an acoustically perturbed � ow.
Thus,

F D ½ p[.u ¡ up/=¿d ] (10)

where ¿d is the dynamic relaxation time ¿d D ½¤ D2
p=18¹g .

Linearized Governing Equations
The preceding system of PDEs is linearized around an equilib-

riumstate that is characterizedby dynamicand thermal equilibrium:
u0 D u p0 and T0 D Tp0 . Eachquantityis writtenas the sum of a steady
and unsteady part:

f D f0 C f 0 (11)

The equilibriumquantitiesare denotedby a 0 subscript,and a prime
notation is related to an unsteady quantity. The following analysis
is carried out only for the one-dimensionalequations,in which only
the � rst-order terms are retained. The spatial derivativesof average
values are assumed to be negligible. For convenience, the prime
notation is dropped, and the quantities refer to unsteady values.

Gas phase:

@½

@t
C ½0

@u

@x
C u0

@½

@x
D Pv (12)

½0

»
@u

@ t
C u0

@u

@x

¼
C @ P

@x
D ¡F (13)

½0

»
@CvgT

@t
C u0

@CvgT

@x

¼
C P0

@u

@x
D Pv .h p0 ¡ e0/ ¡ Qg ¡ p

(14)

Dispersed phase:

@½p

@ t
C ½p0

@u p

@x
C u0

@½p

@x
D ¡ Pv (15)

½ p0

»
@u p

@t
C u0

@u p

@x

¼
D F (16)

½ p0

»
@CppTp

@t
C u0

@CppTp

@x

¼
D ¡ Pv .h p0 ¡ ep0/ C Qg ¡ p (17)
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and the source terms are now

Qg ¡ p D ½p0Cpp[.T ¡ Tp/=¿t ] (18)

F D ½p0[.u ¡ up/=¿d ] (19)

Pv D ½p0Cpp [.T ¡ Tp/=L¿t ] (20)

Note that the mass transfer appears only in the mass and the energy
conservation equations. In both momentum equations, the term is
shown to be of second order and, therefore,negligible. In the energy
equations, this term is multiplied by the difference of the total en-
thalpy of the phase from the surface particle and the internal energy
of the consideredphase. We de� ne h p D ep C L, and the term in the
energy equation can be read as

h p0 ¡ e0 D .Cpp ¡ Cvg/T0 C L (21)

h p0 ¡ ep;0 D L (22)

The solution of Eqs. (12–17) may be analytically obtained by
assuming a decomposition of each quantity written as f .x; t/ D
Of ei K x e¡i!t ¢ K D k1 C ik2 , where K is the complex wave number

and ! is the acoustic wavelength. The system is solved after the
components of the wave number are known. They are obtained by
calculating the determinant of this system, which must be equal to
zero to ensure a nontrivial solution.

The analysis of the resulting equations shows that only the vari-
ables T , ½ , and u are independent,and the determinantof the linear
system of equations is

­­­­­­

Äf1 C °¯· [.1 ¡ Á/=¡iÄ¿t ]g 0 ¡.° ¡ 1/T0 K

Ä·½0[.C pp=L/.1=¡iÄ¿t /] ¡Ä K½0

KR KRT0=½0 ¡Ä.1 C ·=¡iÄ¿d/

­­­­­­
(23)

The following quantities are de� ned: Ä D ! ¡ Ku0, · is the density
ratio · D Cm =.1¡Cm/ D ½p0=½0, and¯ D Cpp=Cp. The solutionfor
the dispersed phase temperature is extracted from the linear system
of equations:

Tp D 0 (24)

There is no unsteady variation of the particle temperature that is
consistent with the hypothesis of a � xed saturation temperature.

There is no mass transfer term in the particle velocity that has
exactly the same formulation as for inert particles7:

u p D u=.1 ¡ iÄ¿d / (25)

The dispersed phase density is given by the following relation:

½p

½ p0

D
K Ä

1 ¡ iÄ¿d

u C Cpp
1
L

Ä

iÄ¿t

T (26)

In this equation,the mass transferappears througha term containing
the gas temperature variation.

General Analysis
In this part, the solution of determinant (23) is analytically stud-

ied. We assume that the mean velocity u0 is equal to zero. It was
previouslyshown that a nonzeromean velocityalways decreasesthe
rate of growth of a traveling wave, but remains positive.7 There is
no requirement to retain this term in the system of equationsstudied
here.Also, u0 is never associatedwith the mass transfer,but appears
only in the term ! ¡ Ku0 , and this study is focused on the in� uence
on the mass transfer. Keeping u0 in the set of equations would lead
to a fourth-order characteristic equation of Eq. (23) vs k1 and k2.
The solution exists, but the complexity of the calculationsprevents
an analytical analysis.

Generally, the solution of such equation is numerically studied
because its expression is very complex and not suf� ciently compre-
hensive to be informative.7;11 This is still true in this study. Most
of the cases can be depicted by a numerical analysis, but if some

analytical trends can be found, they would be very useful and would
ensure that no cases are omitted (correspondingto physical or non-
physical cases). Furthermore, the point to be veri� ed is the possible
increasing of the amplitude of a traveling acoustic wave due to the
mass transfer. That case would imply that the wave is unstable and
that the mathematical translation is a negative value of the rate of
growth k2.

BeforedevelopingEq. (23), the followingparametersare de� ned:

8 D 1 C [.Cpp ¡ Cvg/=L]T0 (27)

N̄ D ¯.1 ¡ 8/ (28)

NN̄ D N̄ C ¯ N" (29)

The three last parameters (27–29) are useful to simplify the various
formulas, and they allow a general formulation of the determinant
that recoveredboth the inert and the mass transfer formulationof the
problem. The parameter N", a real positive number chosen according
to the convention,was de� ned and used in the form 1=N" by Marble.9

In this study, we call N" the mass transfer number instead of the
latentheat parameter. Its physicalmeaning is obviousand represents
a relevant characterization of the mass transfer: Indeed, if N" ! /,
the particles are very volatile and the mass transfer should have a
dominanteffect.,L ! 0/. Conversely,if N" ! 0 the particlesshould
tend to behave as inert particles ., L ! //.

Developing determinant (23) yields relation (30) in which K is
the unknown:

K 2

³
1 C

NN̄·
® ¡ i!¿t

´
D

³
!

a0

´2³
1 C ·

1 ¡ i!¿d

´³
1 C ° N̄·

® ¡ i!¿t

´

(30)

Note that this formulation is formally identical to the case for inert
particles: Formula (31) turns into the solution proposed by Temkin
and Dobbins6 by putting® D 1 and NN̄ D N̄ D ¯ . Consideringthe mass
transfer leads to ® D 0 in Eq. (31). The solutionof the linear system
is obtainedas soon as k1 and k2 are determined (K D k1 C ik2 ). This
is achieved by extracting the real and the imaginary parts of K 2,
which are given by

k2
1 ¡ k2

2 D
³

!

a0

´2
(

1

,"
1 C

³
!¿t

NN̄·
Ät

´2
#)(³

1 C ·

Äd

´

£

"
1 C ° N̄ NN̄

³
v ¿t ·

Ät

´2
#

¡
v 2· 2¿t ¿d

ÄdÄt
[° N̄ ¡ NN̄]

)
(31)

2k1k2 D
³

!

a0

´2
(

1

,"
1 C

³
!¿t

NN̄·
Ät

´2
#)(

!¿d ·

Äd

£

"
1 C ° N̄ NN̄

³
!¿t ·

Ät

2́
#

C !¿t ·

Ät

³
1 C ·

Äd

´
[° N̄ ¡ NN̄]

)
(32)

with

Äd D 1 C !2¿ 2
d (33)

Ät D !2¿ 2
t (34)

A solutioncanbe extractedbywritingk2
1 ¡ k2

2 D » and 2k1k2 D Ã be-
causek1 is related to thevelocitypropagationof thewave .k1 D !=c/
and can be supposed to be positive:

k1 D
q¡

» C
p

» 2 C Ã 2
¢¯

2 (35)

k2 D Ã=2k1 (36)

At this point it is clear that the analytical expressions of k1 and k2

would be very complex and so they are not developed,althoughcer-
tain numerical solutions for k1 and k2 are presented in a subsequent
section.
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It is easy to investigate the stability of the wave. Indeed, in the
case of a positivevalueof k2 , the amplitudeof the moving wave will
decrease (attenuation), whereas it will be ampli� ed for a negative
value (unstable � ow). It is then relevant to only study the sign of the
imaginary part of K 2 , which is written as

2k1k2 D .!=a0/2[ f .!/=g.!/] (37)

g.!/ D 1 C .!¿t
NN̄·=Ät /

2 (38)

f .!/ D .!¿d·=Äd/
£
1 C ° N̄ NN̄.!¿t ·=Ät /

2
¤

C .!¿t ·=Ät /.1 C ·=Äd/.° N̄ ¡ NN̄/ (39)

The sign of Eq. (38) only depends on the function f .!/. One can
introduce in Eq. (39)

®d D !¿d ·=Äd (40)

x! D N"° !¿t ·=Ät (41)

Then the expression for f .!/ is

f .!/ D ¡[¯2=.1 ¡ ° /2].1 ¡ ¯/.1 ¡ °¯/®d x2
!

¡ .1 C ·=Äd /¯2x! C ®d (42)

where N̄ and NN̄ have been replaced by developing relations (28) and
(29). The roots of this equation have to be found to study the sign of
f .!/. The details of the calculationsare not very interestingand are
reported in the Appendix, and only the main results are presented
here. An assumption for the density ratio · is required to ensure
the existence of real roots for f .!/, which is · · 1. When the � ow
studied here is considered, this assumption is not very constraining
because it is included in the dilute � ow assumptions. For example,
the mass ratio Cm of solid particle imbedded in a propellant of an
SRM is always less than 0.3, this value being a very large one. The
density ratio is then given by · D Cm=.1 ¡ Cm/ ¼ 0:43. With this
assumption,one can show that f .!/ has two real roots x!;1 and x!;2,
given in Appendix.The expressionof the extremum of the function
is denoted by x¤

! and is given by

x¤
! D ¡ .° ¡ 1/2.1 C ·=Äd/

2.1 ¡ ¯/.1 ¡ °¯/®d

(43)

The term .1 ¡ ¯/.1 ¡ °¯/ is very important because it determines
the sign of the extremum and also the position of the roots x¤

! . This
term also points out the major role of the ratio of the speci� c heat
¯ .

To summarize, thequalitativeevolutionof f .!/ vs x! is plottedin
Fig. 1 in which all of the possiblecases are shown,mainly according
.1 ¡ ¯/.1 ¡ °¯/.

One notes that only positive values of x! de� ne the function
f .!/. Figure 1a shows the qualitative evolution of this function
for .1 ¡ ¯/.1 ¡ °¯/ Â 0. The second root x!;2 is positive, which
separates the positive part of f .!/ in the range b0; x!;2c and the
otherwise negative values. The negative part corresponds to an un-
stable regime, for the wave motion, that appears then to be possible.

a) (1 ¡¡ ¯)(1 ¡ ¡ °¯) Â 0: one
possible con� guration

b) (1 ¡ ¡ ¯)(1 ¡ ¡ °¯) Á 0: two
possible con� gurations

Fig. 1 Stable and unstable � ow regimes.

The case shown in Fig. 1a is the most expectedone becausethe ratio
¯ is generally greater than the unity when we consider gas–particle
or gas–droplet mixtures. The calculations shown in Fig. 1a, seem
to imply that the most expected case is the unstable one because
the corresponding variation range of x! is the in� nity minus x!;2.
However, the order of magnitude of actual x! is about 10¡1 N" for
!¿t ¼ !¿d ¼ 1 and N" is generally less than one. Thus, for most of the
physical cases, x! has a small value, and f .!/ can be expected to
positiveeven thoughthe possibleunstableregimecannotbe ignored.

Considering .1 ¡ ¯/.1 ¡ °¯/ Á 0 leads to the graphs presented
in Fig. 1b. Two possible solutions appear according the sign of
x!;2 but whatever the solution, an unstable regime is possible. This
case correspondsto less common gas–particlesmixtures becauseof
low speci� c heat ratios, for example, aluminum particles in SRM
environments.8

The solution f .!/ D 0 corresponds to a neutral stability condi-
tion for the spatial evolution of the wave amplitude. Even with the
presence of particles, the amplitude of the wave will behave as in a
pure gas phase and will remain constant [but the sound speed in the
mixture is obviously different as indicated by formula (35)].

Note that an unstablebehavior,meaning the growingof an acous-
tic wave propagationin a such medium, appears in the solutionwith
a little restrictivecondition, that is, · · 1. Nevertheless,one must be
aware that some but not all of these cases are physicallyunrealistic.

The completesolutionfor the sounddispersionand its attenuation
from Eqs. (31) and (32) was computed in this part, con� rming the
earlier analysis.Some different parameters involved in the relations
are here chosen arbitrarily. For example, ¯ is chosen equal to 1=° ,
leading to a linear evolution of f .!/. The root of this function,
which is now linear, is then unique and given by

x¤
!;1=° D

¡
®d

¯
¯2

¢
.1 C ·=Äd/¡1

corresponding to the neutral stability condition.This choice is mo-
tivated by the fact that this solution is a particular one, which is not
included in those presented in Fig. 1. The de� nition of x! is used to
extract the correspondingvalue of the mass transfer number:

N"¤
1=° D ° .Ät ¿d=Äd ¿t /.1 C ·=Äd /¡1

One must expect that for values of N" Á N"¤
1=° the � ow must be stable

(thesoundamplitudewill decrease)andbeunstableotherwise,what-
ever thevaluesof the Stokes number!¿d . The solutionsareprovided
for threevaluesof N", which are N"S D 0:5N"¤

1=°
(stable), N"N D N"¤

1=°
(neu-

tral) and N"U D 1:5N"¤
1=°

(unstable).
The different values for the � ows quantities can be chosen ar-

bitrarily because only the unsteady values, which measure the dis-
crepancy with the equilibrium state, are of prime interest. The den-
sity ratio · must less than unity according the earlier condition we
found, and we chose · D Cm =.1 ¡ Cm / D 0:1765; where Cm D 0:15
is a representativevalue of SRM loading mass ratio.

The nondimensionalattenuation®r D a02k2=! and thenondimen-
sional dispersion ar D .a0=a/2 ¡ 1 is studied vs !¿d .

Figure 2 shows ®r for the threedifferentvaluesof N". Numerically,
it is found that the attenuationcoef� cient correspondingto N" D N"N is
identicallyzero (k2 D 0)as predictedby relation(36). For N" D N"U , the
attenuation coef� cient is negative, which means that the amplitude
of an oscillation will increase when it propagates in such medium.
This result is valid whatever the value of Stokes number. As it is
expected, for N" D N"S , the attenuationcoef� cient is positive,which is
consistent with a stable behavior of a weak amplitude wave.

Those results are consistent with the de� nition of N" D RT 0=L .
Indeed, for large values of the latent heat, leading to small values of
N", the particles behave as inert ones. In this case, it was proven that
the dispersed phase is always a damping mechanism.

That the heat exchange between the gas and the particles is used
only for the mass transfer (and consequently the particle tempera-
ture is constant) seems to be the key point to explain the possible
ampli� cation of a traveling wave.

Consider the inert case, that is, without mass transfer. The com-
bination of the continuity equation and the energy equation of the
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Fig. 2 Nondimensionalattenuationcoef� cient of a two-phase � ow with
mass transfer.

gas phase [derived from Eqs. (12) and (14)] leads to the evolution
of the gas temperature:

½0
@Cvg T

@t
D

P0

½0

@½

@t
¡ Qg ¡ p D

P0

½0

@½

@t
¡ ½p0Cpp

.T ¡ Tp/

¿t

(44)

The temperature evolution, initially due the pressure variation
caused by the traveling wave, is the result of the competing effects
of the time variation of the density [� rst source term in Eq. (44)]
and the heat exchange (second source term). The heat transfer term
is actually a relaxationprocess for the temperature,which will tend
to the equilibrium one. This relaxation role is shown by writing
Eq. (44) for a � xed position. The small variation assumption for
all of the variables allows the term .P0=½0/.@½=@t/ D f 0.t/ to be
written. Equation (44) is of the form dT=dt D ¡aT C f 0.t/. One
recognizes a dissipative term associated to the temperature in the
right-hand side of this equation. The solution of this equation only
gives the main tendency of the temperature evolution given by
T ´ ¹ exp[¡a.t=¿/] C G.t/ showing a decrease of T with time at
a � xed position. Then the pressure wave amplitude, which is cal-
culated with the equation of state P D ½RT, will decrease because
of the dissipative term associated with the temperature. The maxi-
mal effect is obviouslyobserved when the characteristic time of the
relaxation process and the frequency of the wave coincide, that is,
when !¿t ¼ 1. We omit the effect of the drag force in the analysis
because the momentum is not affected by the mass transfer in the
linearized system of equations. Also, the drag force plays the same
role by relaxing the velocities.

Consider now the system when a mass transfer occurs between
both phases. The combination of the continuity equation and the
energy equation of the gas phase [derived from Eqs. (12) and (14)]
leads to the evolution of the gas temperature:
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In the differentexpressionsof the right-handside of this equation,
the mass transfer expression is used, then the heat transfer expres-
sion, and, eventually,Tp is set to zero as establishedin Eq. (24). The
coef� cient of this term involves the different parameters found in
the present study, that is, N" and ¯ . This formulation is very interest-
ing compared with the inert case. The same competition between
two effects (density variation and heat transfer) is still visible, and
the major role of the parameter N" appears clearly in this equation.

Fig. 3 Nondimensional dispersion of sound of a two-phase � ow: com-
parison of solutions with mass transfer and inert particles.

On the right hand-side, the temperature term is no longer related
to a relaxation process. On the contrary, this term can make the
temperatureevolutiondiverge.When the same process is applied as
for the inert case, the tendency of the solution is now of the form:
T ´ ¹ exp[Ca.t=¿ /] C G.t/. The � rst termof this solutiondiverges.
Then, because the heat term is used for the mass transfer, it does
not relax the temperature toward the equilibrium state. That does
not mean the temperature evolution will always divergebecause the
density variation may counterbalance this evolution.This competi-
tion between these two effects is drivenby the valuesof the different
coef� cientof the heat � ux term, mainly N". The thresholdrole that the
parameter N" exhibits in the analytic solution of the complete system
is, therefore, underlined here.

Consequently, the increase of the temperature, which is not au-
tomatically relaxed toward the equilibriumtemperaturebecause the
heat transfer is used for the phase change, may drive an increase of
the pressure through the equation of state. That ampli� es the wave,
and the system may become unstable.

In Fig. 3, ar is plotted only for the case N"N because the other
two cases are found to be very near to this curve. It is interesting to
compare this solution with the case of an inert dispersed phase, and
so both solutions are plotted in Fig. 3. The evolution is qualitatively
the same for both cases, but a large discrepancy is observed for low
!¿d . When the mass transfer is accounted for, one observes that ar

tends to · . When a � xed value of the frequency is considered, !¿d

varies only through the diameter value. It is not surprising to � nd
that the major effects are mainly for low values of the diameter. The
mass transfer can change considerably the diameter of the particle:
For a given density ratio, the speci� c area (N p¼ D2 ) increasesas the
diameter diminishes. The heat transfer (and so the mass transfer) is
directly proportional to the speci� c area and is then more ef� cient
for low diameters or !¿d . For large values of !¿d , the evolution of
the dispersion tends to be the same and is like that in a pure gas
(ar ¼ 0).

Even though the solution depends on few parameters, as seen in
the general expressionof the determinant (23), a complete paramet-
ric study on the in� uence of each parameter cannot be achieved.
Nevertheless, a major parameter is the density ratio · or Cm . In
previous studies,10 it was found that a second peak exists in the
attenuationcurve around !¿d ¼ · for very low · . This peak is asso-
ciated with the mass transfer,whereas the largest peak with !¿d ¼ 1
is assumed to be due the accumulatedeffectsof the drag and the heat
transfer.We do no recover the existenceof the second peak because
the mass transfer is directlyproportionalto the heat transfer, and the
effects are accumulated at the same Stokes number. We consider an
unstablecase, and to magnify the driven oscillatorymechanism, we
chose " D 3N"N . The in� uence of the density ratio is studied through
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Fig. 4 Nondimensional attenuation coef� cient ( Å" = 3 Å"N ): in� uence of
the density ratio ·.

Fig. 5 Nondimensional dispersion of sound ( Å" = 3 Å"N ): in� uence of the
density ratio ·.

three cases:· D 0:09,0:13, and 0:23 .Cm D 10, 15, and 30%, respec-
tively). In Fig. 4, the attenuation coef� cient ®r is plotted vs Stokes
number for the three different values of · .

For all of the cases, the coef� cient ®r is negative, showing an
unstable regime as expected. The main result shown in Fig. 4 is that
the larger the loading mass ratio, the larger the ampli� cation coef� -
cient, which is not a surprising result. The maximum ampli� cation
is observed for !¿d ¼ 1, whatever the density ratio.

In Fig. 5, the dispersion coef� cient is displayed vs the Stokes
number. Two results are prominent. The � rst is related to the zero
limit frequency. In this case, the sound dispersion value is equal
to the density ratio · . The second result is the existence of some
negative values, which means that the sound propagates faster in
the two-phase mixture than in the pure gas. For large frequencies
(or large particle diameters), there is no in� uence of the dispersed
phase on the sound velocity.

This study was achieved for a � xed value of ¯ , but the numeri-
cal solution is extracted from the general expressions of k1 and k2

in Eqs. (35) and (36) without any assumption. We recover results
predicted by the analytical solution (for example, attenuation equal
to zero), and one can, therefore, consider this one as correct.

Nevertheless, the earlier results are based on an arbitrary choice
of some parameters. It is important to examine the behavior of the

Table 1 Main thermodynamic
properties for aluminum particles

Property Value

° 1.201
Tp0 2760 K
½¤ 1766 kg/m3

L 10.9£ 106 J/kg

Fig. 6 Nondimensional attenuation coef� cient for aluminum particles
mixture.

solution with values close to typical ones encountered in solid pro-
pellant. Aluminum particles are now supposed to undergo a mass
transferwith the gaswith � owproperties8 givenin Table1. The prac-
tical parameters are then Cm D 15% and ¯ D 0:48, and in Table 1,
characteriticsvalues of required data are mentioned.

In Fig. 6, the nondimensional attenuation coef� cient vs !¿d is
plotted. For low Stokes number (less than 0.28), that is, for low
frequency and/or low small diameter, the solution shows an un-
stable behavior. Above this limit, the evolution of the attenuation
coef� cient changes and becomes positive, which means an attenu-
ation effect of the dispersed phase. The curve still shows one peak
aroundthe value!¿d ¼ 1 and anotherone fornegativevaluesaround
!¿d ¼ 0:05

In Fig. 7, the sound dispersion is plotted vs the parameter !¿d .
Up to !¿d ¼ 0:03, the sound velocity is larger in this medium than
in a pure gas � ow. Then, the dispersion becomes positive to reach
a maximum value around St D 0:26. For the zero frequency limit,
the result differs from the earlier one, and ar is now different from
· . Figure 7 shows that the system of equations is very sensitive
to the parameters when this case related to aluminum particles is
compared to the earlier academic study. Nevertheless, for large !¿d

the sound velocity in the mixture is the same as in a pure gas.
Actually,thermochemicaldata can vary in a largerangeaccording

the motor � ow studied. Consequently,the pressurecan be different,
and doubt is possible about the values of L or ¯ , for example. It
should be interesting to examine the stabilityof the � ow for varying
frequency,independentlyof physicaldata.To doso, in Fig.8,a three-
dimensional graph shows the neutral stability condition f .!/ D 0
vs Stokes number, as well as the term ° N"· . The third axis represents
possiblevaluesof¯ . This graph is then generaland exhibitspossible
unstable or stable � ows. With the chosen data for aluminum, one
observes that for low !¿d an unstable regime always exists. This
region also exists for large values of the frequency, but the values
of ° N"· seem not to be physical in this case.

Even thoughthe mass transfermodel was simpli� ed, some results
predictedare in agreementwith other studies and expectations.2 For
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low frequencyand/or low diameter, instabilitiesmay occur in SRM
� ows, and the mass transfer between gas and aluminum particles
may play a role that will need further investigationsfor actual � ows,
those with complex geometries, and more realistic combustion
models.

Numerical Flow Simulations
The full set of PDEs in conservativeform [Eqs. (1–7)] is numer-

ically solved. Two cases are investigated. The � rst is related to the
propagation of a wave in a one-dimensionalpipe to check whether
or not the numerical results of the nonlinear system are in agree-
ment with the earlier analysis. In the second case, we simulate a
two-dimensional � ow in a laboratory-scalemotor with a very sim-
ple geometry, a cylinder port and a nozzle. This case is interesting
because the � ow conditions may be slightly different than the ones
required in the assumption of the stability analysis. For example,
nonequilibrium(thermal and dynamic) states can be observed due

Fig. 7 Nondimensional dispersion of sound for aluminum particles
mixture.

Fig. 8 Stable and unstable domains [ f (!) = 0] for aluminum-gaspropellant couple.

to two-dimensional effects. The behavior of an acoustic wave in
such a � ow is discussed next.

Numerical Scheme
A second order in space and time-accurate,explicit � nite volume

method, based on the MUSCL–Hancock methodology, is used to
solve the set of equations. The numerical scheme must be a com-
promise between the accuracy to compute acousticwaves as well as
supersonic� owsencounteredin thedivergingpartof a rocketnozzle.
The numerical model has proven to compute acoustic wave prop-
erly, as well as consideration of typical compressible � ows (shock
waves, subsonic, supersonic � ows). This was completely described
in Ref. 20, and so no further details are presented.

One-Dimensional Flow
An acoustic wave propagating in a two-phase medium at rest is

simulated. The mass transfer between gas and particles is included
in the model. The solutionsextractedby the linear stabilitystudy are
expected by solving the set of conservative equations, which will
illustrate the behavior of an acoustic wave in such conditions and
which will also check the ability of the method to compute this kind
of solution. This point is very important before solving the set of
full two-phase � ow equations in SRM to predict the stability in the
case of more complicated � ows.

The three cases described in the numerical solution section are
here solved with a mass transfer number equal to N"S , N"N , and N"U ,
respectively.The pipe length is 20 m, which allows about 10 wave-
lengths to be present in the pipe. This pipe is initially � lled with a
gas–particlesmixture at rest. At the position x D 0 m, the pressure is
forcedaccordinga monochromaticsinusoidallaw with an amplitude
equal to 2% peak-to-peak of the initial pressure, and the propaga-
tion of the acoustic wave is then analyzed at a time corresponding
to 10 temporal periods. The diameter of the particles is set equal to
12 ¹m, which is the valuecorrespondingto the maximal attenuation
in the case of inert particles.6 The Stokes number is equal to 0.7.
The pipe is divided in 500 cells in the computational domain, and
the time step is restricted to a Courant–Friedrichs–Lewy number
of 0.9.

In Fig. 9, a snapshot of the pressure signal in the pipe is plotted
for the three cases considered. For N"U , it is clear that the wave is
unstable,and theamplitudeis growingwhilepropagatingin thepipe.
This pressure wave can reach a large amplitude in the case of very
long pipe. For N"S , the amplitude is decreasing,which correspondsto
a positive attenuation coef� cient. Also notice in Fig. 9 that the case
for N"N is well simulated by the � nite volume scheme and that the
amplitudeof the signal remains constant with a high accuracy.Note
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that for N"U and N"N there is a slight undershoot in the signal pressure
around x D 16 m. This is due to a numerical artifact, related to the
� rst wave enteringthe computationaldomain,which is very dif� cult
to cancel. Consequently, the � rst nine wavelengths are retained for
the signal analysis.

The numericaland analyticalvalues of the nondimensionalatten-
uation and sound dispersion are listed in Table 2.

The agreement between theoreticaland numerical values is quite
good, if one considers the method used here is not generally devel-
oped for acoustic studies, but for general compressible � ows. The
errors observed may be explained by the signal analysis method
and also by the intrinsic attenuationand dispersionof the numerical
scheme. A one-phase � ow simulation, not presented here, showed
a nondimensional attenuation coef� cient equal to 3 £ 10¡3 and a
dispersion error of about 4%.

Two-Dimensional Flow
A two-phase� ow with the mass transfer in a small rocketmotor is

simulated.The r operator in the systemof equationsis expressedin
cylindrical coordinates. The axisymmetric motor21 is composed of
a surface injection (left-south boundary condition), a nozzle (right-
south boundary condition), a wall, named head end (west bound-
ary condition), and a symmetry axis (north boundary condition), as
shown in Fig. 10. Two simulations are performed correspondingto
a stable case and an unstable case according the value of the mass
transfer number N". At the injection surface, the temperature and
the velocity of the dispersed phase are set as the gaseous values to

Table 2 Comparison between numerical and theoretical values
of nondimensional attenuation and sound dispersion coef� cients

N"S N"N N"U

Values ®r ar ®r ar ®r ar

Theoretical 0.2215 0.68 0 0.6715 ¡0.2197 0.6478
Numerical 0.2173 0.671 1.2 £ 10¡2 0.6713 ¡0.198 0.598

Fig. 9 Snapshot of the pressure in a pipe for three different values
of Å".

Fig. 10 Mesh (98 £ £ 30 cells) and the boundary conditions.

reach a two-dimensionalsteadystate close to a thermal and dynamic
equilibrium one.

In an actual SRM � ow, the sources for acoustic energy are
numerous (combustion of propellant, vortex shedding) and are not
discussedhere.21¡24 In themotorwe simulatehere, there is no acous-
tic source, so that a steady-state solution must be reached, free of
any oscillation.When the steady-statesolution is reached, the head-
end pressure is forced during � ve wavelengths to establish a steady
wave motion in the � ow. Then the pressure forcing is stopped, and
the time evolution of the average pressure at the west wall is ana-
lyzed.The frequencyof the forcingsignal is chosen to match the � rst
longitudinalmode of the motor, which in the current calculations is
equal to 2980 Hz. The amplitude is equal to 2% peak-to-peakof the
average steady-state pressure in the motor (cylindrical part).

The total mass � ow Pm D Pmg C Pm p rate is imposed at the sur-
face injection with the following constraint: Pmg D .1 ¡ Cm/ Pm and
Pm p D Cm Pm with Cm D 15%.This case is interestingbecausethe two-
dimensional effects can lead to certain nonequilibriumbetween the
gas and the particles phase. The � ow is not homogeneous, and it
does not totally recover the assumptions required of the analytical
study. For example, in Fig. 11, the horizontal velocity components
of both phases are plotted at the middle of the surface injection vs
the radius. The discrepancy is not large, but it does exist.

In Fig. 12, the pressure evolution at the head-end wall are shown
vs time for the stable (Fig. 12a) and the unstable (Fig. 12b) case.The
forcing signal is easily seen during the � ve � rst wavelengths. In the
case of the stable � ow, the signal is attenuated,as expected,when the
forcing is stopped. For the second case, the signal is sustained after
the forcing period, and also a growth of the amplitude is observed.
Then, the increase of the amplitude stops, and it is noticeable that
the signal reaches an asymptotic amplitude. This behavior is out of
the rangeof the linear theoryand can only be predictedby numerical
simulations.

In this simulation only the mass transfer drives the oscillatory
mechanism. There is no other mechanism, such as a response at a
pressure oscillation of the surface injection. This calculationshows
the role that may be played by the particle in more complex � ows,

Fig. 11 Cross section of the horizontal component of the velocity vs
the motor radius at the middle of the surface injection.
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a) Å"S b) Å"U

Fig. 12 Time evolution of the head-end pressure signal.

in which the level of the instabilitiesmeasured is not explained.The
mass transfer model used here is very simple compared with those
required for SRM, but similar phenomena may be explained by an
equivalent driven mechanism based on a mass transfer.

Conclusion
An analytical solution of the linearized equations of a dilute two-

phase � ow includingmass transfer between the gas and the particles
is provided. A stability domain is extracted showing the possibility
of an acousticwave to be ampli� ed or attenuated.The neutral stabil-
ity condition is essentially dependent on the value of a nondimen-
sionalnumber, de� ned as N" D RT 0=L. The mass transfer is modeled
by a simple approach based on the temperature difference between
both phases (gas and dispersed phase). Although the model is far
from an actual mass transfer, the temperaturedifferenceis generally
involvedin such a process.For example, this differenceis a basicpa-
rameter used to model the evaporationand combustionof aluminum
particles, that is, Law’s model. Nevertheless, there is a major role
for the mass transfer on the stability of an acoustic wave, and at the
least it is important for obtaininga complete analyticalsolution.We
showed that the � ow may become unstable, whatever the frequency
or the particle diameter, or, in short, whatever the acoustic Stokes
number St D !¿d .

The analyticalsolutionwas recoveredby thenumericalsolutionof
the full system of differentialequationsof the two-phasedilute � ow.
The behavior of a monochromatic acoustic wave propagating in a
pipe was demonstrated. The agreement between the numerical and
analytical solution was quite good. The simulation of a two-phase
� ow was also performed. In the case of an expectedunstable � ow, a
limitingcyclingis obtained,theamplitudeof an acousticwave being
ampli� ed and reaching an asymptotic value. This phenomenon is
obviously out of the range of the linear theory and can only be
predicted by numerical simulation.

Even though the mass transfermodel used here was a simple one,
certain instability phenomena observed might by explained thanks
to a similar driven mechanism that could be more complicated con-
sidering actual SRM � ows.

Appendix: Real Roots of f(!)
The expression of Eq. (42) is

f .!/ D [¯2=.1 ¡ ° /2].1 ¡ ¯/.1 ¡ °¯/®d x2
!

¡ .1 C ·=Äd /¯2x v C ®d (A1)

with x v D N"° !¿t ·=Äd . The roots of this equationshave to be found
from the sign of f .!/. The discriminant 1 of Eq. (A1) must be
positive to ensure x v is a real number. There is little dif� culty to
� nd the expression of 1, namely,
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Note that 1 appears to be a quadratic function of ¯ . Let 11 de� ne
the discriminant of 1. In the case of negative values of 11, there
are no real roots for 1, and the sign of this last function is then
given by [2®d =.° ¡ 1/]2, that is, positive. Using this condition, we
assure that x v is a real number (positive or negative), which was the
� rst constraint to verify. When the expression of 11 is developed,
a conditional relation is extracted,which is

!¿d

1 C .!¿d /2
¡ 1

1 C .!¿d/2
Á 1

·
(A2)

It is easy to show that, if · · 1, 11 is always negative. If · Â 1, the
last inequality depends on the value of the term !¿d and both neg-
ative and positive 11 can be expected. Therefore, we now suppose
that · · 1 and that Eq. (A2) is always veri� ed.

Therefore, f .!/ has two real roots x$;1 and x!;2 given by

x!;1 D ¡.° ¡ 1/2 .1 C ·=Äd/¯2 C
p

1

2¯2.1 ¡ ¯/.1 ¡ °¯/®d

(A3)

x!;2 D ¡.° ¡ 1/2 .1 C ·=Äd/¯2 ¡
p

1

2¯2.1 ¡ ¯/.1 ¡ °¯/®d

(A4)
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